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1 Introduction 

Definition 1 An ajfine structure on a n- dimensional Lie algebra q over M, is 
a bilinear map 

V ; X g ^ 

satisfying 

1) V{X,Y)-V{Y,X) = [X,Y] 

2) V (X, V (y, z)) - V (y, V (x, z)) = v ([x, y] , z) 

for all X,Y,Z e 0. 

To define an affine structure on a Lie algebra corresponds to give a left 
invariant affine flat and torsionfree connection on a connected Lie group G of 
associated Lie algebra 0. 

Any Lie algebra equipped with a symplectic form can be equipped with 
an affine structure. On the other hand there exist (2p + l)-dimensional Lie 
algebras with contact form and no affine structure. But each nilpotent contact 
Lie algebra is a one-dimensional central extension of a symplectic algebra. The 
aim of this work is to study how we can extend, under certain conditions, the 
symplectic stucture. 

2 Nilpotent Lie algebras with a contact form 

Definition 2 Let q be an (2p + \)- dimensional algebra. A contact form on q 
is a linear form lj ^ Q of q* such that lo A (dw)'^ ^ 0. In this case (0, uj) or q is 
called a contact Lie algebra. 

Proposition 3 ([G]) Let q be a contact nilpotent Lie algebra. Then the center 
Z(q) is one- dimensional. 

Proof. If is (2p+l)-diniensional and equipped with a contact form lu, dim Z{q) < 
1. This follows the fact that if we suppose that uj(Z{q)) — then 

yX e Z{g) duj{X, Y) = -uj [X, Y] = 0. 
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Thus there exists X such that lo{X) = and X_iduj = 0, where j denotes 
the inner product. The vector X belongs to the characteristic subspace and 
uj A doj'' = 0. Thus u){Z{q)) ^ which proves that dimZ(g) < 1. If moreover 
the Lie algebra g is nilpotent then dim.Z(g) = 1 as the center of a nilpotent Lie 
algebra is never zero. H 

Corollary 4 Let q be a contact nilpotent Lie algebra. Then q/Z{q) is a sym- 
plectic Lie algebra. 

Thus any contact Lie algebra is a one- dimensional central extension of a 
symplectic Lie algebra: 

As any symplectic nilpotent Lie algebra can be equipped with an affine 
structure, we have 

Proposition 5 Any nilpotent contact Lie algebra is a one- dimensional central 
extension of an affine Lie algebra. 

3 Affines structures on nilpotent contact Lie al- 
gebras 

3.1 Extension of symplectic afRne structure 

Let {g2p,0) be a symplectic nilpotent Lie algebra and V the afBne structure 
coming from this symplectic forme that is 

VxY = fiX)Y 

where f{X) is the following endomorphism: 

VX,Y,Z€g e Z) = -e{Y, [X, Z]). 

Let 5 be the contact Lie algebra defined by the one-dimensional extension 

The Lie algebra 5 identified with q®V has the following brackets 
[{X,a),{Y,\)]~= ([X,Y]^,e{X,Y)) 

Let V : 5 ^ 5 be an operator satisfying 

M \ Y 0) ' 0)) = ^) ' ^ ^)) 
^ ^\ V((XO),(0,A)) = V((0,A),(X,0)) 

where is a bilinear map on g such as 

^{X,Y)-^{Y,X) = 0{X,Y). 
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Lemma 6 the operator V satisfies the following identity: 

V ((X, a) , {Y, A)) - V ((y, A) , {X, a)) = [{X, a) , {Y, X)]~ 
Proof. We have for all X,Y e g and A, /li G IK 

V((X,a),(r,A))-V((r,A),(X,a)) 

=(V (X, Y) , ^ (X, y)) + AV ((X, 0) , (0, 1)) + aV ((0, 1) , {Y, 0)) 
+aAV ((0, 1) , (0, 1)) - (Vjy, X) , ^ {Y, X)) - aV {{Y, 0) , (0, 1)) 
-AV((0,1),(X,0))-AqV((0,1),(0,1)) 
= {[X,Y]^,e{X,Y)) 

But 

[(x,a),(y,A)];=([x,y]^,0(x,y)), 

which impUes that 

V {{X, a) , (y, A)) - V ((y, A) , {X, a)) = [{X, a) , {Y, A)] ~ ■ 

The operator V is associated to a flat torsionfree connection on 5 . 

We can note that if V' is another biUnear map on g such that 7r*V' = V, 
the nullity of the torsion of the linear connection associated to V implies that 
V satisfies the same conditions (*). This justifies the choice of the conditions 
(*)• 

As we want that V defines an afiine structure on q, we introduce, in order 
to study the curvature of the linear connection associated to V, the following 
application: 

C{J^X,a),{Y,X),{Z,p)) 

= y ((X, a) , V ((y, A) , {Z, p))) - V ((y, A) , V ((X, a) , {Z, p))) 
-V([(X,a),(y,A)]~ 

This gives: 

C((X,a),(y,A),(Z,p)) 

= v((x, a) , (V (y, z)^^ (y, z)) + pv ((y, o) , (o, i)) + av ((o, i) , {z, o)) + 

ApV ((0, 1) , (0, 1))) - V((y, A) , (V (X, Z) ,^ (X, Z)) + pV ((X, 0) , (0, 1)) + 
aV ((0, 1) , (Z, 0)) + apV ((0, 1) , (0, 1))) - V(([X, Y]^ , e{X, Y)), {Z, p)) 

Lemma 7 The operator V satisfies: 
1) 

c((x,o),(y,o),(z,o)) = (o,(/.(x,v(y,z)) -(^(y,v(x, z)) -ip{[x,Y]^,z)) 
+^{Y, z)v((x, 0), (0, 1)) - ^(x, z)w{{Y, 0), (0, 1)) - e{x, y)v((z, o), (o, i)) 
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2) 

c{{x, 0), (0, 1), (y, 0)) = V ({X, 0) , V ((r, o) , (o, i))) 

-V ((V(X, F), 0), (0, 1)) - {X, Y) V ((0, 1) , (0, 1)) 

3) 

c((o, 1) , {Y, 0) , (0, 1)) = V ((0, 1) , V ((r, 0) , (0, i))) -v ((r, o) , v ((o, i) , (o, i))) 

This follows directly when we develop the expressions. 
Proposition 8 // 

c((x,o),(o,i),(y,o)) = o 

then C{ {X, 0) , (F, 0) , (0, 1)) = 0. 
In fact 

c{{x, 0), (r, 0), (0, 1)) = v((x, 0), v((y, o), (o, i))) - v((r, o), v((x, o), (o, i))) 

-v(([x,yh0(x,F)),(o,i))^ 
= v((v(x, y), 0), (0, 1)) + ^{x, y)v((o, i), (o, i)) - v((v(y, x), o), (o, i)) 

-y{Y, X)V((0, 1), (0, 1)) - V(([X, Y] , e{X, Y)), (0, 1)) 

= v(([x, r]^o), (0, 1)) + e{x, r)v((o, i), (o, i)) - v([x, y] , o), (o, i)) 

-0(X,F)V(O,1),(O,1)) 
= 0. 

Let us write some necessary conditions for the application C to be equal to 
zero. Let tt be the canonical projection of g on g, that is : 

Tr{X, a) = X. 

Let us identify {X, 0) with X which permits to consider f| as a vector subspace 
of 5- Let us denote Vx the vector definied by 

yx=7r(V((X,0),(0,l)). 

If C = we have: 

c((x,o),(y,o),(z,o)) = o 

which implies that: 

^{Y,Z)Vx-^{X,Z)VY-e{X,Y)Vz = Q 
forallX,y,Zefl. 

Remark. If = 0, we have 6 = 0,J;he extension is trivial and we came out of 
the symplectic case. The operator V define by 

v((x,o),(y,o)) = (v(x,F),o) 

V((X,0),(0,A)) = 
V((0,/x),(0,A)) = 
give an affine structure on g = g ® M which is a direct sum of ideals 

We must then suppose that (p =^0. 
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3.2 Case (/^ = f . 

Then we have 

e{[x.Y],z) = -e{Y,v{x, z)) 

and we deduce from the lemma the following relations; 

c((x,o),(y,o),(z,o)) 
= -\(Q,e ([X, Y]^ , z)) + \q (F, Z) V ((X, 0) , (0, 1)) 

~Q (X, z) V ((y, 0) , (0, 1)) - e (x, y) v ((z, o), (o, i)) . 

For all X G we define ax e M by 

V((X,0),(0,1)) = (X6f,ajf). 
The nullity of the curvature tensor implies that 



(**) 



\d (y, z) Vx - \e {X, z)VY-e {x,y) Vz = o 

e [[X, Y]^ ,z)+e (y, Z)ax-6 {X, Z) ay - 26 {X, Y)az = 



As 9 is of maximal rank, for all X G there exists Y,Z & g such as 9 {X, Z) = 
= 6* (X, y) and 9 {Y, Z) = 1. The first of the relations (**) implies that 
Vx = 0. Thus 

V((X,0),(0,l)) = (0,ax) 
for all X G fl. Then we have 

V ((X, 0) , V ((y, 0) , (0, 1))) = V {{X, 0) , (O, ay)) = axay (0, 1) 

and 

c((x,o),(o,i),(y,o)) = o 

implies that 

axay (0, 1) = av(x,r) (0, 1) + ^9 {X, Y) V ((0, 1) , (0, 1)) . 
Let us chose X,Y G g such that 6 {X, Y) = 1. We can deduce 

7r(V((0,l),(0,l)))=0 

and then 

V((0,l),(0,l)) = (0,a), aGM. 

Moreover 

axay = av(x,i') + ^^(X, y)a 
axay = av(r,x) -^0{X,Y)a 
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which gives 

^ (^i ^) ^ = -0'V{X,Y) + 0''V{X,Y) 
= —0'lX,Y]. 

Let us denote the hnear form a de 0* defined by a{X) = ox- If a 7^ 0, then 
9{X,Y) — ^da{X,Y). The symplcctic cocycle 9 is then exact. But on any 
nilpotent Lie algebra, the class of linear forms is odd ([G]). We deduce that it 
can not exist exact symplectic form on g and the previous equality can not be 
true. If a = 0, ^ 

V((0,1),(0,1))=0 

and 

aix,Y] = 0. 

Then the application 

a : Q ->R 

given hy a{X) = ax defines a one-dimensional linear representation. 

Proposition 9 The application V on the contact Lie algebra g given by 

V {{X, 0) , (y, 0)) = (V {X, Y) , 1/29 [X, Y)) 
V((X,0),(0,A)) = V((0,A),(X,0)) 

where V is the affine strucutre on g = associated to the symplectic structure 
9 is an affine structure if there exits a one- dimensional representation of g such 
that 

9 ([X, Y]^ ,Zj+9 {Y, Z)ax-9 (X, Z) ay - 29 {X, Y)az=0 
for all X,Y,Z e g. 

3.3 General case 

We still suppose 

9{[X,Y],Z) = -9{Y,W{X,Z)) 

We saw that the nullity of the curvature of the connection associated to the 
bilinear application V implies: 

ip{Y,Z)Vx-^{X,Z)VY-9{X,Y)Vz=0 
for all X,Y,Ze g. 

Let us suppose that we have X G g such that Vx 7^ 0. Let us take a vector 
X satisfying this property. The orthogonal space for 9 of the space M {X} is of 
codimension 1. Let F e M {X}"^ . Then 9 {X, Y) = and 

^{Y,Z)Vx =ip{X,Z)VY, Zeg 
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If we can find a vector Z E q such as Lp{Y,Z) ^Q, we have that Vy and in 
this case the non zero vectors Vx and Vy are colinear. Let us assume that 



Vx = ^x,yVy 



then 



Xx,Y^ {Y, Z)^ip {X, Z) 



for all Z e fl. Let us consider a basis (Xi, ...,X2m) of Q in which the matrix of 
6 is reduced to the following form: 



/ 



V 





-1 











1 
-1 / 



This sliows that the matrix of ip is at least of rank 2 because ip (X, Y) — 
<p (y, X) — 9 {X, Y) . For instance, if q is 4-dimensional, the matrix of (p would 
be of the following form: 

/ ai 0:2 0:3 oii \ 

a2 — 1 ag 

as ail 0:12 

\ ai Q!8 Oii2 — 1 ai6 / 

We can suppose that ip{Xi,-) ^ (in other case, there would exist a vector 

Xi such that (p {Xi , Z) =^ since p is of non zero rank and it is sufficient to 
take a basis adapted to 6 with Xi as first vector). Let Y belong to vector space 
{X3, X2nh we have that e{Xi,Y) = 

^{Xi,Z) = Xx,,Yp{Y,Z) forahZGfl 



and 



Therefore the (2m — 2) last columns of the matrix of (p (associated to the chosen 
basis) are proportional to the first one. But we also have 6 {X2,X3) = and 

p iX2,Z) = Xx2,X3'PiX3, Z) 

Similary we show that 9 (Xi, X3) = and 

p {Xi,Z) - \x^,x,P {X3, Z) for aU Z G g. 

Wo deduce that p (X2. Z) = Xp {Xi, Z) , which implies that p) is of rank 1. This 
is impossible and then we have Vx = 0. 
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Proposition 10 Let g be a contact nilpotent Lie algebra. If the affine structure 
V which is defined by a symplectic cocycle on Q =-zfg) can be extended to an 

affine structure V on g, we have: 

7r(V (x,r))=o 

for all Xg q and T e Z{q). 

We have that for all vector X in g, Vx = and V {{X, 0) , (0, 1)) = (0, ax) ■ 
Then the equality C((X, 0) , {Y, 0) ,{Z,0))=0 impUes that 

V (X, V (F, z)) - <^ (y, V [X, Z)) - ^ ([X, , z) 

= -ax^ {Y, Z) + ay^ {X, Z) + azQ (X, Y) 
Similarly C((X, 0), (0, 1), (F, 0)) = implies that 

V ((X, 0) , (0, ay)) - (0, av(x,y)) - H= Y) V ((0, 1) , (0, 1)) = 0. 
This gives the following equation 

<p (X, Y) V ((0, 1) , (0, 1)) = {ayax - av(x,y))(0, 1) 

and ^ 

^ (r, X) V ((0, 1) , (0, 1)) = {ayax - av(y,x))(0, 1) 

if we permute the vectors X and Y . We combine this two equations to obtain; 

e(X,F)V((0,l),(0,l)) = (av(y,x)-av(x,y))(0,l) 

= O[x,y](0, 1). 

This shows in particular that V ((0, 1) , (0, 1)) = p(0, 1) and 

pQ{X,Y) = a^X^yy 
Finally C((0, 1) , (F, 0) , (0, 1)) = implies 

ay V ((0, 1) , (0, 1)) = V ((F, 0) , V ((0, 1) , (0, 1))) 

thus ^ 

ay V((0,l),(0,l)) = p(0, ay). 

This last equation is already satisfied. 

Then let us suppose p 7^ 0. In this case ayxy] 7^ when 6'(X, F) ^ 0. Let us 
take X in Z(^g). As is of maximal rank, there is one F such that 0{X^ F) ^ 0. 
But \X, F] = implies ayx,Y\ = 0. This leads to contradiction. 

Conclusion . As p = we have that V ((0, 1) , (0, 1)) = 0. Then a[x,y] = 
and the application a : g — >K defined by a{X) = ax gives an one-dimensional 
linear representation of g. We deduce 
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Theorem 11 Let a : q he a one- dimensional linear representation of q. 
When a is the trivial representation, V is an affine structure if and only if 
i; V(C/, (0,1)) = /or all U eg. 

2) if satisfies ip {X, V {Y, Z)) - y (F, V {X, Z)) - ip {[X, Y]^ , =0, i.e. 

if it is a 2-cocycle for cohomology of the Vinberg algebra associated to V with 
values in a trivial module. 

When a is a non-trivial representation, V is an affine structure if and only 

if ^ 

1) V ((0,1), (0,1)) ^ , V((XO) ,(0,1)) = for all X e if era. 

2) ^ {X, V (r, Z)) - ^ (r, V {X, Z)) - ^ {[X, Y]^ , z) = a{Z)e{X, Y) for all 
X,Y eKer(a). 
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